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Abstract— This paper presents the symbol error probability 
(SEP) analysis of MIMO-relay multiplexing configuration for 
IEEE 802.16j systems. The availability of multiple MIMO relay 
paths in IEEE 802.16j motivates two relay configurations: i) 
Relay Diversity and ii) Relay Multiplexing. Existing works have 
focused on the relay diversity methods. In this paper, we explore 
the relay multiplexing alternative where relay stations (RSs) are 
deployed to act as independent data pipes for transmitting 
multiple independent data streams from the Base Station (BS) to 
the Mobile Station (MS). We derive analytical expressions for the 
SEP performance of the proposed scheme, and also complement 
the analysis with simulations. It is observed from our SEP results 
that MIMO-relay multiplexing approach is practicable, when the 
number of antennas at the BS and MS are equal or greater than 
the total number of antennas on all RSs. In such scenarios, 
parallel relaying of independent data streams via different RSs 
offers acceptable SEP performance while boosting the capacity of 
the system linearly with the number of parallel RSs. 
 

Keywords-MIMO-relay multiplexing, Decode and forward, 
Maximum likelihood detection (MLD), Relay access interference. 

I. INTRODUCTION  

Since the introduction of MIMO systems, a lot of research 
works have been conducted on the application of MIMO 
systems in different scenarios. Among the many available 
detection techniques for MIMO multiplexing systems, 
maximum likelihood detection (MLD) offers optimal 
performance results. But the exact symbol error probability 
(SEP) analysis for MIMO multiplexing with maximum 
likelihood (ML) detection was not available in the literature 
until 2009 when the authors in [1] provided a very accurate 
SEP analysis for arbitrary MIMO multiplexing systems. 
MIMO multiplexing on one hand provides high data rate by 
multiplexing independent data streams onto multiple antennas. 
On the other hand, relaying of information from source to 
destination using multiple RSs, offers additional multiplexing 
paths that can enhance the data rate provided by MIMO 
multiplexing systems further. A combination of these two 
techniques is therefore somewhat indispensable in broadband 
4G networks.  

Several authors have studied the possibilities of relaying 
data from the BS to the MS using multiple RSs in a two hop 
scenario.  The performance analysis of different dual-hop 
systems for various channels is studied in [2]-[6]. All these 
works, and several others in the literature, however studied the 
relay  diversity  method, where  the relayed  data from  all the 

  
Figure 1: IEEE 802.16 Configuration. 

 
RSs at any time instant belong to the same sub-stream coded 
or uncoded. In [7], we provide the capacity analysis of the 
relay-multiplexing alternative, where multiple RSs are 
employed for parallel relaying of independent data streams 
from the same source to the same destination in an IEEE 
802.16j setup. In IEEE 802.16j setup, the transmission from 
BS to MS is carried out in two phases: phase 1 involves data 
transfer from BS to RSs, while phase 2 involves data relaying 
from RSs to the MS as shown in Fig. 1. Therefore we propose 
that using the multiple RSs between the BS and the MS to 
transmit independent data would help increase the capacity of 
the IEEE 802.16j system. However the error rate performance 
for this system needs be examined first before such a 
conclusion can be drawn. 
 

In this paper, we provide the SEP analysis for MIMO-relay 
multiplexing configuration in IEEE 802.16j system, where 
each RS forwards an independent sub-stream to the MS. To 
achieve this objective, a transmit preprocessing technique is 
applied at the BS to partition the channel between BS and K 
parallel RSs into K parallel MIMO links for multiple relay-
access. This way, the transmission of independent data 
streams from BS to RSs can be treated as multiuser MIMO 
downlink system, while the transmission of independent data 
streams from RSs to the MS can be treated as conventional 
MIMO-multiplexing system. Although each of these schemes 
is separately available in the literature, to the best of our 
knowledge, no one has provided the combination of these 
techniques that can be used to analyze MIMO-relay 
multiplexing systems for IEEE 802.16j system as provided in 
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this paper. In this paper, we thus develop analytical tool to 
investigate the SEP performance of two-hop MIMO-relay 
multiplexing systems, and based on our results we conclude 
on the practicability of this technique in IEEE 802.16j 
systems. 

II. PERFORMANCE ANALYSIS OF MIMO MULTIPLEXING 

RELAYING SYSTEM WITH MLD 

In this section, we highlight a recent result in [1] for the 
SEP of MSrBSt NN ,, ×  single-hop MIMO multiplexing system 

and later extended this result to the MSrRSrBSt NNN ,,, ××  

MIMO multiplexing relaying system.  

A. One-hop MIMO Multiplexing System 

Consider an MSrBSt NN ,, × MIMO multiplexing system 

with BStN ,  transmit antennas at the BS and MSrN ,  receive 

antennas at the MS. The BS transmits BStN , -length data 

symbols T
N BSt

xxx ][
,21 �=x towards the MS. The 

baseband received signal vector at the MS is given by  

nHxy +=     (1) 

where T
N MSr

yy ][
,1 �=y is an 1, ×MSrN vector with 

jy as the received signal at the jth antenna of the MS. 
T

N MSr
nn ][

,1 �=n is 1, ×MSrN  additive white Gaussian 

noise (AWGN) vector, each element being independent with 
zero mean and variance 2

nσ . H  is the channel matrix whose 
thij ),(  element ijh ,  is assumed to be an i.i.d complex 

Gaussian variable with zero mean and unit variance. Let χ
denotes the constellation of the modulation scheme employed. 
It is assumed that all the symbols in the constellation have 
equal probability. The ML detection, in the presence of 
Gaussian distributed noise, can be written as 

� �
= =∈

−=
MSr BStN

j

N

i
iijj xhy

, ,

1

2

1
, ||minarg~

χx
x   (2) 

where x~  represents the decision vector for x . Recently the 
authors in [1] presented an accurate expression for the SEP of 
MIMO-MLD in Eq. (2), which was previously unavailable. A 
highlight of their analytical approach is as follows. Let ix be 
the transmitted signal from the ith antenna and 

},,,,,{
,111 BStNiii xxxx �� +−=x be the transmitted 

signals from all other antennas. The SEP of ix can be written in 
terms of SEPs conditioned on a set of error events 
corresponding to ix  and the probabilities of those error events 
as [1, Eq. (5)] 
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Figure 2: IEEE 802.16j dual-hop relay configuration with 

multi-antenna parallel relays 

where ),(ϕerr ),(kerr ),( mlerr  and )(Ωerr respectively 

represent no error, one error ),~( kk xx ≠ two errors 

)~,~( mmll xxxx ≠≠ , and all errors in ix . Let )(⋅err represents 

an error event of ix , ))(|~( ⋅≠ errxxP ii denotes the SEP of ix

conditioned on )(⋅err  and ))(( ⋅errP stands for the probability 

of )(⋅err  [1]. When equal power is allocated among all the 

transmitted signals, the SEP of each transmitted signal is the 
same and is given by [1, Eq. (20)]. 
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where ))(|~(0 ϕβ errxxP ii ≠=  and |~( iij xxP ≠=β

),,()),,,( 11 jj llllerr �� is a j-element subset of 

},,1,1,,1{ ,BStNii �� +− . The SEP e  can be obtained by 

solving Eq. (4) for e  [1]. 

B. Two-hop MIMO Multiplexing System: 

This subsection presents the extension of the accurate SEP 
analysis for MIMO MLD in [1] to MIMO relaying with MLD 
at RS and MS. Our objective is to use DF protocol in order to 
examine the best SEP performance possible using relaying to 
enhance the data rate. Consider a MIMO relaying system 
where the BS equipped with BStN ,  transmit antennas 

communicates with an MS equipped with MSrN ,  receive 

antennas via RS equipped with RSrN , receive and RStN ,

transmit antennas. H and G represent the channel matrices of 
the first and second hop transmission respectively with thij ),(  
elements assumed to be an i.i.d complex Gaussian variable 

with zero mean and unit variance ( 122 == gh σσ ).  As the RS is 

employing DF protocol, the post detection SNR for the first 
and second hop transmission conditioned no error ),(ϕerr  one 

error ),(kerr  two errors ),( mlerr and all errors )(Ωerr  in the 
other symbols can be found in a similar way as described in 
[1]. These SNR expressions are then used to compute the 
conditional SEPs. Hence, the average SEPs of the first and 
second hop transmission can be written respectively as   
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As the transmitted signal undergoes two states of decoding 
in cascade, the overall SEP is given by [6] 

2_1_2_1__ hophophophoptot eeeee −+=     (7) 

Where hopie_  is the average SEP of the ith ( 2,1=i ) hop. 

Next we derive the closed-form expressions for 1_ hope and 

2_ hope for relay-multiplexing systems. To the best of authors 

knowledge, these expressions are new contributions. 

III. RELAY MULTIPLEXING METHODS FOR MULTI-ANTENNA 

PARALLEL RELAY STATIONS 

This section derives the SEP performance of the proposed 
relay multiplexing method for IEEE 802.16j system. Consider 
that the IEEE802.16j system in Fig.1 has the configuration 
shown in Fig.2, where the BS and the MS, equipped with 

BStN , and MSrN , antennas respectively, are communicating via 

K multi-antenna RSs. The first hop channel between BS and 
RS is partitioned into K parallel MIMO channels for relay 
access. The data stream at the BS is then partitioned into K 
substreams and these substreams are transmitted 
simultaneously over these K parallel MIMO relay channels. 
We call this approach relay-multiplexing scheme and it can be 
employed in addition to the MIMO multiplexing on the 
multiple antennas. It is assumed that the jth RS, jRS , has 

jRSrN ,  receiving and 
jRStN ,  transmitting antennas such that

�==
=

K

j
RSrMSrBSt j

NNN
1

,,, �=
=

K

j
RSt j

N
1

, , and that all K RSs 

employ DF protocol. jH is the channel matrix between the BS 

and jRS , and jG is the channel matrix between jRS  and the 

MS. It is also assumed that the BS has perfect knowledge of its 
forward channels. The BS transmits K  independent data 
streams Kzzz ,,, 21 ��  towards the K parallel RSs, where 

T
Njjjj

jRSr
zzz ][

,,2,1, �=z is the sub-stream destined to jRS . 

jz  is preprocessed before its transmission by multiplying it 

with (
jRSrBSt NN ,, × ) preprocessing matrix 

jtW   

jtj j
zWx = ,  =j 1, 2,........, K  (8) 

After preprocessing, the 1, ×BStN  signal vector 

],,[
,1 BStNxx �=x  broadcast by the BS to K RSs can be expressed 

as 

�
==

== �
K

j
jt

K

j
j j

11
zWxx    (9) 

The 1, ×
jRSrN  vector jy received at jRS  is expressed as: 

�
≠=

++=+=
K

jii
jitjjtjjjj

i
j

,1
nzWHzWHnxHy    (10) 

   
jjtjjtj

jj
nzWHzWH ++=

 
  (11) 

where jn is ( 1, ×
jRSrN )-element AWGN vector with zero 

mean and unit variance. jH  is channel matrix from the BS to 

jRS ; whereas jtj
j

zWH is the interference term at jRS . And 

jt
W and jz  are respectively the pre-coding matrix and data 

streams of all other RSs excluding jRS , and is given by 

][
111 Kjjj ttttt WWWWW ��

+−
=

  
(12) 

TT
K

T
j

T
j

T
j ][ 111 zzzzz �� +−=   (13) 

To eliminate the multiple relay-access interference in Eq. 
(11), we impose the constraint that 0=

itj WH  for ji ≠ [8]. If 

we define jH  as 

TT
K

T
j

T
j

T
j ][ 111 HHHHH �� +−=   (14) 

then the zero-interference constraint forces 
),,1( Kj

jt �=W
 
to lie in the null space of  jH . The 

singular value decomposition (SVD) of jH  is given as   
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H
jn
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js

jj
H
jjjj

V

V
�UV�UH ]0[]0[ 2/12/1  (15) 

where jsV  and jnV  are the eigenvectors corresponding to 

the nonzero and zero eigenvalues of H
jj HH  respectively, and 

jU are the eigenvectors of j
H
j HH . Thus, jnV forms an 

orthogonal basis for the null space of jH  and its columns are 

the candidate for the precoding matrix 
jt

W for the data stream 

destined to jRS . Hence, setting jnjt VW = , the signal 

received at the jRS can be expressed as 

jjjjjjnjj nzFnzVHy +=+=    (16) 

where jnjj VHF =  is the effective channel matrix 

between the BS and jRS .  

A. SEP Analysis for First Hop Detection at RS 

The ML detection at jRS  can be written as 

� �
= =∈

−=

jRSr BSt

j

N

k

KN

l

ljlkjkjj zfy
, ,

1

2
)/(

1

,,,, ||minarg~
χz

z

  

(17) 

As BStN ,  is the total number of symbols transmitted from 

the BS and as there are K  RSs, KN BSt /, is the number of 

symbols destined to jRS . lkjf ,, is the effective channel gain at 

the kth antenna of  jRS for the lth symbol and it is the ),( lk

element of jF . jz~  represents the decision vector for 
T

Njjjj RSjr
zzz ][

,,2,1, �=z and ljz ,
~  represents the 

decision symbol for ljz , ;  where jz is the sub-stream sent to 

9



jRS and ljz . is the lth symbol of that sub-stream, detected at 

the lth antenna element of jRS . Let 

},,,,,{
,,1,1,1,, RSjrNjljljjlj zzzz �� +−=z be the other 

received signals at the other antenna element of jRS . Then the 

SEP of ljz ,  can be written in terms of the SEPs conditioned on 

a set of error events corresponding to lj,z  and the probabilities 

of these error events, given by [1] 
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where ),(ϕerr ),(merr ),( onerr and )(Ωerr  respectively 

represent no error, one error ),~( mm zz ≠ two errors 

)~,~( oonn zzzz ≠≠ , and all errors 

)~,,~,~,,~(
,, ,,1,1,1,1,1,1, RSjrRSjr NjNjljljljljjj zzzzzzzz ≠≠≠≠ ++−− ��

 in lj,z . Under the event )(φerr  , no error occurs to other 

transmitted symbols of the jth sub-stream, the detection of ljz ,  

becomes 

�
=

−=
jRSr

lj

N

k
ljlkjkj

z
lj zfyz
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, 1

2
,,,,, ||minarg~   (19) 

The post detection SNR is given as 
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where �
=

=
jRSrN

k
lkjlj f

,

1

2
,,, ||ω and 2

nσ is the noise variance at

jRS . For 4QAM modulated signals, the SEP conditioned on 

ljz ,  , lj,ω and )(φerr can be written using [1, Eq. (9)], and 

then averaging the result over the statistics of ljz , and lj,ω .  

The average SEP conditioned on no error occurs in other 
transmitted symbols is thus derived as 
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(21) 

where 2

2
,

2
||

)(,.
n

ljz
errlja

σϕ = . Similarly the SEP conditioned 

on one error ))(|~( ,, merrzzP ljlj ≠ , two errors 

)),(|~( ,, onerrzzP ljlj ≠  and all errors ))(|~( ,, Ω≠ errzzP ljlj  

in other transmitted symbols can be derived  similar to Eq. 
(21), but the variable )(,. φerrlja  is replaced with ,)(,. merrlja

,),(,. onerrlja ,� )(,. Ωerrlja respectively; where  
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where ),,,2,1( ,, lkNkz
jRSrkj ≠=Δ �  can be approximated 

by }|{|)min(|| 2
,,

2
,

2
, kjkjkjkj zEdz α=≈Δ , with )min( 2

,kjd

representing the minimum squared Euclidean distance (SED) 
between kjz , and its constellation neighbors and kj ,α stands 

for the ratio of )min( 2
,kjd to the average transmit power of 

kjz , . It is easily noticeable that  )min( 2
,kjd  and kj ,α vary with 

the modulation scheme. For 4QAM modulation, 

}|{|2)min( 2
,

2
, kjkj zEd = [1]. The probabilities )),(( φerrP  

))((,)),,(()),(( ΩerrPonerrPmerrP � in Eq. (18) can be 

expressed similar to [1, Eq. (19)] for our case here as 
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When equal power is allocated among all the transmitted 
signals, the SEP of each transmitted symbol is the same under 
i.i.d fading case. Thus the SEP at jRS can be expressed, after 

substituting  Eq. (23),  Eq. (21)  and  modified  versions  of  
Eq. (21) according to Eq. (22), into Eq. (18) and solving, as 

(18) 

(23) 
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where je  denotes the SEP at jRS . The SEP je  at jRS

can be obtained by solving Eq. (24) for je . The average SEP 

for the first hop transmission in the relay-multiplexing system 
can be written as 

�
=

=

K

j

jjhop ePe
1

1 )(_ z     (25) 

where )( jP z is the probability that the sub-stream jz  is 

transmitted and je  is the SEP of the sub-stream jz . 

Assuming all sub-streams are of equal length, and they 
experience same fading, the average SEP of the first hop 
transmission in relay-multiplexing can be written as 

�
=

=

K

j

jhop e
K

e
1

1_
1

    (26) 

B. SEP Analysis for Second Hop Detection at MS 

The K data streams received at the K RSs are 
decoded and then simultaneously forwarded to 
the MS during the second hop transmission. 
Hence, the transmission from K parallel RSs to 

the MS can be treated as �
=

×
K

j
MSrRSt NN

j

1
,,

conventional MIMO multiplexing system. The 
SEP for the second hop transmission (i.e. from K 
RSs to the MS) can thus be calculated in a similar 
manner as described earlier in section II, but here 

for an �
=

×
K

j
MSrRSt NN

j

1
,,

 

MIMO multiplexing 

system. Let 2_ hope denotes the average SEP of 

the second hop transmission, then we can derive 
an expression for 

2_ hope as 
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 (27) 

The SEP  2_ hope  for the second hop transmission can then 

be obtained by solving Eq. (27) for 2_ hope . Finally, the 

overall SEP tote_ of MIMO-relay multiplexing system shown 

in Fig. 2 can be expressed as in Eq. (7) above. 

IV. SIMULATION RESULTS 

This section presents our simulation results and their 
comparison with the analytical results derived in the previous 
sections. It should be noted that 4QAM modulation scheme is 
used, RSs assumed in the simulation employ DF protocol and 
flat Rayleigh fading is also assumed in all the configurations 

considered.  Fig. 3 and 4 present the SEP results for MIMO 
multiplexing and two-hop MIMO multiplexing systems 
respectively. It is observed from the figure that our analytical 
results agree very closely with the simulations for both cases 
confirming the validity of our analysis. Notice also that the 
results in Fig. 3 agree closely with the equivalent result in [1] 
for the case of 2x2 MIMO systems. 
 

In Fig. 5 and 6, we present summary of our SEP results for 
three different cases of MIMO-relay multiplexing scheme. For 
Case 1, BS and MS are equipped with four antennas each and 
two parallel RSs with two antennas each are assumed in 
between BS and MS. For Case 2 and 3, BS and MS are 
equipped with six antennas each, where three parallel RSs 
with two antennas each are assumed for Case 2, and two 
parallel RSs with three antennas each are assumed for Case 3. 
Fig. 5 presents the hop-wise SEP for these three cases, while 
Fig. 6 presents the overall SEP at the MS for the three cases. It 
can be observed from the Fig. 5 that the SEP for MIMO-relay 
multiplexing system in Case 1 and 2 for the first hop are the 
same due to the fact that for these two cases, the first hop 
channel is partitioned into two and three parallel 2x2 MIMO 
channels respectively, while for Case 3, the first hop channel 
is partitioned into two 3x3 parallel MIMO channels. As the 
overall SEP for the first hop is the average of these parallel 
MIMO channels, we have better SEP results for Case 3 
compared to Cases 1 and 2. Fig. 5 also presents the SEP 
curves for the second hop transmissions for Cases 1, 2 and 3 
where channels from RSs to MS are treated as equivalent to 
4x4, 6x6 and 6x6 conventional MIMO multiplexing systems 
respectively. As expected, Cases 2 and 3 have same SEP, and 
are better than Case 1, in the second hop transmission. 

 
In Fig. 6, we present the overall SEP at MS for these three 

cases. Comparing the results in this figure with the hop-wise 
analysis in Fig. 5, it can be noticed that the SEP in the first 
hop dominates the overall error rate of the MIMO-relay 
multiplexing system for all three cases considered. As for 
Cases 1 and 2, the SEP in the first hop is the average of 
parallel 2x2 MIMO channels, so they exhibits higher SEP 
compared to the Case 3, where the SEP in the first hop is the 
average of parallel 3x3 MIMO channels. Although, for Case 1 
and 2 we have different equivalent MIMO configurations in 
the second hop, they have very close SEP curves due to the 
fact that they have same SEP in the first hop and it dominates 
the overall SEP. Also, Case 3 exhibits better SEP as its SEP in 
the first hop is better than those of Cases 1 and 2. 
 

In general, we observe from our results in Fig. 5 and 6 that 
MIMO-relay multiplexing approach is practicable, when the 
number of antennas at the BS and MS are equal or greater than 
the total number of antennas on all the RSs. In such scenarios, 
the parallel   relaying of independent data streams via multiple 
parallel RSs offers acceptable SEP performance   while   
boosting   the   capacity   of   the system linearly with the 
number of parallel RSs as discussed in [7]. We also observe 
that for 2≥K , increasing the number of antennas at RSs 
works better for SEP enhancement in relay-multiplexing 
systems than increasing the number of RSs, for the same 
parallel number of antennas at the BS and MS, as can be 
observed from the relative performance of the system for cases 
2 and 3 in our results.  
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Figure 3: SEP for 2x2, 3x3 and 4x4 MIMO multiplexing  

 
Figure 5: Hop-wise SEP for MIMO relay multiplexing 

 

V. CONCLUSIONS 

This paper provides the SEP analysis of MIMO relay-
multiplexing technique for IEEE 802.16j systems. We derive 
closed-form   expressions that are verified by computer 
simulations. Based on our results, it is concluded that relay-
multiplexing approach, when applied with proper relay-access 
transmission techniques at the BS, can provide reliable parallel 
and independent data transmission paths via the different RSs. 
It is also concluded that for 2≥K ,  the SEP performance of 
relay-multiplexing scheme can be better enhanced by 
increasing the number of antennas at the RSs, than by 
increasing the number of RSs, for the same overall number of 
antennas. It is hoped that these findings provide useful guides 
for relay-multiplexing deployments in IEEE 802.16j systems. 
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Figure 4: SEP for two-hop MIMO multiplexing  

 
Figure 6: Overall SEP for MIMO relay multiplexing  
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